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We present a general theory of the singularity in the London penetration depth at symmetry-breaking and
topological quantum critical points within a superconducting phase. While the critical exponents, and ratios of
amplitudesonthetwosidesofthetransitionareuniversal, anoverallsigndependsupontheinterplaybetweenthe
critical theory and the underlying Fermi surface. We determine these features for critical points to spin density
wave and nematic ordering, and for a topological transition between a superconductor with Z2 fractionalization
and a conventional superconductor. We note implications for recent measurements of the London penetration
depth in BaFe2(As1 xPx)2 (Hashimoto et al., Science 336, 1554 (2012)).
An important focus of the study of the cuprate high temper-
ature superconductors has been the quantum criticality of the
onset of spin density wave (SDW) order within the supercon-
ducting phase. A number of neutron scattering experiments
have observed such critical spin ﬂuctuations in hole-doped
LSCO [1–4] and YBCO [5], and in electron-doped NCCO [6].
The phase diagrams of the iron-based superconductors show
a clear overlap between the SDW and superconducting phases
[7], and Hashimoto et al. [8] have recently provided a careful
study of the SDW quantum critical point in BaFe2(As1 xPx)2.
A novel feature of the latter observations is that the inﬂuence
of the magnetic critical point appears to have been observed
in a property of the superconducting phase, the London pene-
tration depth. Such an observation supports the proposal that
the ‘same’ electrons are involved in both the SDW order and
superconductivity, and that these two orders are strongly cou-
pled [9].
In this paper, we provide a general theory of the singularity
in the superﬂuid sti↵ness and the London penetration depth
near a wide class of symmetry-breaking or topological transi-
tions within superconductors in two spatial dimensions. Our
results are summarized in Fig. 1 for 3 cases labelled A, B, C.
Case A, the SDW transition, is the one best studied in ex-
periments so far [8]. The critical theory is described by the
ﬂuctuations of a bosonic SDW order parameter ' with N = 3
real components, with an e↵ective Lagrangian which has a
relativistic form [10]; the coupling to the fermionic quasipar-
ticle excitations of the superconductor only serves to renor-
malize the parameters of the Lagrangian. These features allow
us to use the powerful critical phenomena technology [11] to
make deﬁnitive statements on the singularity in the London
penetration depth. We ﬁnd that the London penetration depth
 L increases as we approach the quantum critical point from
the SC phase. This is in agreement with the observations [8],
and an independent recent computation [12] which focused
on quasiparticle renormalization e↵ects within the SC phase.
However, the experiments [8] also observe a peak-like maxi-
mum in  L, and this is not present in our critical theory for the
transition within the superconducting phase. This implies that
the observed maximum appears within the SDW+SC phase,
and not at the quantum critical point, as has been previously
suggested [8, 12]. Explaining the maximum will require con-
sideration of other physical properties of the SDW+SC phase,
which we will brieﬂy discuss at the end of this paper.
Case B applies to the Ising-nematic transition, that is also
observed in BaFe2(As1 xPx)2 [13]. This transition has a
bosonic order parameter ' with N = 1 real component, and
the e↵ective theory is otherwise the same as that for the SDW
case. However, fermionic quasiparticles which are gapless
lead to a distinct critical theory [14], and so our present results
apply to the nematic transition only if nodal quasiparticles are
absent.
Finally, case C is a more exotic topological transition be-
tween a ‘fractionalized’ superconductor [15, 16] (often la-
beled SC* [17]) and a conventional superconductor (SC).
Roughly speaking, in a SC* state some of the electrons have
localized into a spin liquid (we consider the case of a Z2 spin
liquid [18, 19]), while the remaining electrons are in a paired
BCS state; there can then be a conﬁnement transition to a SC
state which has all the electrons in the BCS state. With the
accumulating evidence for a fractionalized metallic state in a
number of heavy fermion compounds [20–23], we can expect
a SC* phase and SC*-SC transition in the superconducting
state at lower temperatures. We will show below that the con-
ﬁnement transition out of the SC* state associated with a Z2
spin liquid is described by the theory of a “dual” Ising ﬁeld
' with a relativistic structure. So ultimately, the critical the-
ory is the same as that considered above for the Ising-nematic
case, with the important di↵erence that it is now the SC phase
which has h'i , 0.
We now turn to a derivation of the results in Fig. 1. We have
alreadyarguedthatallthreecasesaredescribedbythefamiliar
'4 ﬁeld theory of a N-component ﬁeld ' with imaginary time
(⌧) action
S' =
Z
d2xd⌧
h
(@⌧')2 + c2(rx')2 + (g   g0
c)'2 + u('2)2i
where c is a velocity of the collective mode excitations of the
ordered phase, g0
c is the bare critical point, and u is a strongly-
relevant self-interaction between ' ﬂuctuations. The transi-
tion is taking place within the superconducting phase, but
we can ignore the ﬂuctuations of the phase of the supercon-
ducting order because these are suppressed by the long-range
Coulomb interactions.
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FIG. 1: Main results for the singular behavior of the London pen-
etration depth,  L in (A) onset of spin density wave order leading
to transition from SC to SDW+SC, (B) onset of nematic order, and
(C) a deconﬁnement transition to a fractionalized SC* phase. These
transitions are tuned by a generic zero temperature parameter g, and
the quantum critical point is at g = gc. The coupling C2 in Eq. (1)
has values which are (A) negative, (B) positive, (C) positive. All the
prefactors a1 7 are positive, and some of their ratios are universal:
a2/a3 = 1.52 and a4/a5 = a6/a7 = 0.52. The correlation length ex-
ponents are ⌫1 = 0.631 and ⌫3 = 0.710. For case A, we have included
a non-singular term  a1(g   gc) because it is larger than the singu-
lar terms; cases B,C can also have such non-singular terms, but here
they are subdominant to the singular terms.
As written, the theory S' has no direct coupling to the ex-
ternal magnetic ﬁeld for cases A and B, and so cannot inﬂu-
encethesuperﬂuidsti↵nessandtheLondonpenetrationdepth.
In these two cases, the vector potential A of the external ﬁeld
couples to the underlying electrons, as does the order param-
eter '. We will describe below the theory of the electrons
coupled to both ' and A, and obtain an e↵ective Lagrangian
by integrating out the electronic degrees of freedom. While
performing this integration we assume that wavevectors, q, of
' and A, obey q⇠sc ⌧ 1 where ⇠sc is the coherence length
of the superconductor. At the same time, q is of order the
correlation length, ⇠ 1, of ﬂuctuations of the bosonic mode ';
consequently, the validity of our theory is limited to the crit-
ical region where ⇠   ⇠sc. With q⇠sc ⌧ 1, we can safely
evaluate all gapped fermion loops at q = 0, and this leads to a
simple and local e↵ective Lagrangian after the fermions have
been accounted for. Moreover, in case C the external magnetic
ﬁeld couples to the “dual” Ising ﬁeld ' directly so that in all
the three cases, one ends up with,
Le↵[A,'] = C1A2 +C2A2'2, (1)
where C1,2 are constants to be evaluated below. From this, we
obtain the superﬂuid sti↵ness as
~2c2
4e2 ⇢s = C1 +C2
D
'2E
S'
(2)
where our notation indicates that the expectation value of '2
is to be computed in the ﬁeld theory S'. So our ﬁnal results
depend upon two distinct computations. The ﬁrst is the com-
putation of C2: we will turn to this below and show how its
magnitude and sign depend upon the structure of the under-
lying fermionic excitations. The second is the computation
of h'2i for which numerous precise results are readily avail-
able [11]. Speciﬁcally we have h'2i⇠A±|g   gc|3⌫ 1 + ...
as g   gc !± 0, where ⌫ is the exponent of the correlation
length ⇠ ⇠| g   gc| ⌫, the ratio A+/A  is universal, and the
ellipses indicate non-universal terms analytic in g   gc. Cru-
cial constraints on the signs of the various coe cients arise
from the fact that  @h'2i/@g is proportional to the “speciﬁc
heat”, CV, of the classical statistical system described by the
Euclidean ﬁeld theory S', and so must be positive (note that
CV is unrelated to the speciﬁc heat of the quantum model we
are studying). If ⌫>2/3, CV has only a cusp-like singularity
at g = gc, and we assume for this case that CV is a local max-
imum at g = gc. After assembling these constraints with the
values of C2 computed below, it is a simple matter to obtain
the results in Fig. 1.
We now describe the computation of C2 for case A with
SDW order. We consider models appropriate for the cuprates
and pnictides, and also the model in Ref. [24], of electrons
ci,a↵ on sites i with orbital index a and spin index ↵ in a SC
state described by
H =  
X
ij
ab
tab,ijc
†
i,a↵cj,b↵ +
X
k,a
 a
kck,a"c k,a# + H.c. (3)
where tab,ij are the hopping matrix elements, and  a
k is the
pairing amplitude. These electrons are coupled to the 3-
component SDW order parameter 'm via
Hsdw = g
X
i
'm(i)c
†
i,a↵ m
↵ ci,b  eiK·ri (4)
where  m are the Pauli matrices and K is the SDW ordering
wavevector. We choose the superconducting pairing function3
a
a
b
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FIG. 2: The four-point coupling (crossed circle) between A and '
after integrating out the Fermions. The wavy and the dashed lines
represent the gauge ﬁeld and the ' ﬁelds respectively.The solid lines
represent Fermions having a Nambu structure, with a , b for case
(A), while a = b for case (B).
 a
k so that points on the Fermi surface connected by K always
have pairing amplitudes with opposite sign: this is the type of
spin-singlet superconductivity found in both the cuprates and
the pnictides. Finally, we introduce an external magnetic ﬁeld
by a vector potential A in the gauge r·A = 0 via a Peierls
substitution in the hopping matrix elements tij. Then conven-
tional many-body perturbation theory in the coupling g leads
to the Feynman diagrams in Fig 2. It is worth noting that a
three-point coupling, ⇠ C3A?'2, where A? is the transverse
component of A, is also generated upon integrating out the
fermions, but C3 = 0 within the critical region ⇠   ⇠sc.W e
have evaluated C2 numerically for di↵erent band-structures
that resemble the pnictide and cuprate Fermi surfaces. Re-
markably, we ﬁnd that C2 < 0 for all the cases that we have
considered here; a speciﬁc example of a Fermi-surface with
the corresponding   L are shown in Figs. 3 and 4. In the nu-
merical computations, h'2i has been computed at the Gaus-
sian level on the disordered side of the critical point. Since
the qualitative features of the results do not seem to depend
on the speciﬁc details of the underlying band-structure, it is
likely that the observed behavior in   L is present in the vicin-
ity of all (2+1) dimensional spin-density wave quantum crit-
ical points in a superconductor. We also note that our present
methods, which focus only on the longest wavelength ﬂuctu-
ations of ', cannot accurately account for the analytic depen-
dence of  L on g   gc contained in the a1 term in Fig. 1A;
Ref [12] accounts for the short wavelength ﬂuctuations of '
more completely, and so their methods give a better estimate
of a1, and of the enhancement of  L upon approaching the
critical point from the SC.
A similar analysis applies to the nematic ordering transition
in case B. The order parameter ' has only one component, and
its coupling to the electrons in the pairing channel is
Hnematic = g'
X
k,a
ck,a"c k,a# + H.c. (5)
In this case, C2 > 0 for all band-structures that were consid-
ered and the behavior of   L for the Fermi-surface chosen in
Fig.3(A) is shown in the inset of Fig. 3(B). Once again, it is
likely that the observed increase in   L away from the critical
point is present at all (2 + 1) dimensional nematic quantum
critical points.
Turning to case C, we consider the computation of C2 for
the case of the SC*-SC topological transition, where a rather
FIG. 3: (A) A two-orbital band structure of the form "1(k) =
 2t1 cos(kx)   2t2 cos(ky)   µ, "2(k) = 2t2 cos(kx)   2t1 cos(ky)   µ,
with t1 = t2 = 0.22, µ =  0.5, g = 0.5,  1 =   2 = 1.0 (B) The
singular correction to   L/ BCS as a function of g > gc for the SDW
quantum critical point. Inset:   L/ BCS for g > gc for the nematic
quantum critical point.
FIG. 4: (a) Fermi surface for the one-band model, "(k) =
 2t1(cos(kx)+cos(ky)) 4t2 cos(kx)cos(ky) 2t3(cos(2kx)+cos(2ky)) 
µ, with parameters t1 = 1.0,t2 =  0.32,t3 = 0.128,µ =  1.11856.
The gap function is taken to be  (k) =  0(cos(kx)   cos(ky)) with
 0 = 1.0. Other parameters are g = 2.0,c = 1.0. (b)   L/ BCS is
shown for g > gc for the Q = (⇡,⇡) SDW QCP.
di↵erent treatment is required. We consider models appro-
priate for heavy-fermion materials consisting of itinerant con-
duction electrons and localized spins. Writing the spin opera-
tors in terms of fermionic spinons, ~ S i = f
†
i↵~  ↵  fi /2, leads to
the emergence of an internal vector potential, a, in addition to
the electromagnetic gauge ﬁeld, A. The conduction electrons
and the spinons can be described by Hamiltonians similar to
that in Eq. (3): for the conduction electrons the pairing ampli-
tude   represents a superconducting pairing, while the pairing
amplitude for the spinons is necessary to obtain a Z2 spin liq-
uid [18, 19]. The crucial new ingredient is the Kondo coupling
between the conduction electrons and spinons
HKondo =
X
i
( ⇤
ic
†
i↵ fi↵ +  if
†
i↵ci↵), (6)
where  i is a complex ﬁeld, which carries gauge charge
( 1A,1a) and whose condensation leads to conﬁnement. Be-
cause the fermions remain gapped on both sides of the transi-
tion, we can integrate them out completely and the action for4
the gauge ﬁelds is given by,
S0[A,a] =
Z
d2xd⌧
 
A?⇧cA?
2
+
a?⇧fa?
2
!
, (7)
where ⇧c,f > 0 denote the bare “superﬂuid” sti↵nesses. The
condensation of hcci and hffi break the U(1)A and U(1)a to
Z2A and Z2a respectively. The operator  2 is neutral under
both Z2 gauge ﬁelds. However, once   condenses the gauge
invariance Z2A ⇥ Z2a is broken to its diagonal Z2(A a).
We can express   in terms of the real ﬁelds ('0,'). The
component '0 remains gapped even across the critical point,
and we can safely integrate it out. Therefore, the critical the-
ory is governed by S' with N = 1. The coupling between '
and the gauge-ﬁelds is given by,
S[',A,a] =
Z
d2xd⌧
1
2
(A?   a?)2'2. (8)
It is now a simple matter to integrate a out from S0[A,a] +
S[',A,a], which yields the action in Eq. (1) with
C1 =
⇧c
2
, and, C2 =
⇧f
2(⇧f + '2)
> 0. (9)
In the limit of large ⇧f and su ciently close to the critical
point, C2 ⇡ 1/2.
This paper has provided signatures of various quantum crit-
ical points in superconductors in Fig. 1. For the important
case A of the SDW+SC transition, our result agrees with ob-
servations in BaFe2(As1 xPx)2 [8] in that  L increases upon
approaching the critical point from the SC phase. However,
one of our key results is that there is no maximum in  L at
the quantum critical point, only a change in sign of its sec-
ond derivative. Therefore the observed maximum should be
within the SDW+SC phase, and involves physics at scales
⇠ ⇠ ⇠c or smaller. In this regime, there are renormalizations of
the spectrum and lifetime of the fermionic excitations, such as
those that are crucial for the onset of the SDW order in a metal
[25, 26]. Therefore, it is necessary to evaluate diagrams like
those in Fig. 2 while including Fermi surface reconstruction
and fermion self energy corrections.
For case B, there isn’t enough evidence yet from the ex-
periments on the pnictides whether the penetration depth has
any non-analytic features in the vicinity of the nematic critical
point. However, nematic phases are ubiquitous in these sys-
tems and hence more careful experiments in the near future
are likely to reveal interesting features close to such quantum
critical points.
Finally for case C, the heavy fermion compounds with in-
dications of fractionalized metallic states [20–23] are good
candidates for realizing a SC* superconductor. Moreover, in
CeCu2(Si1 xGex)2, experiments have found two distinct su-
perconducting domes as a function of pressure alongwith sim-
ilar results in Ce(Rh,Ir,Co)In5 as a function of doping [27].
The nature of one of these SC states remains mysterious and
is often attributed to valence ﬂuctuations. It would be inter-
esting to carry out penetration depth measurements in these
materials and compare with the present study.
We hope that the signatures reported here will be useful in
experimental identiﬁcations of various quantum critical points
in the pnictides, cuprates and heavy-fermion superconductors
in the near future.
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